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Abstract. We construct the most general reducible connection that satisfies the self-dual 
Yang-Mills equations on a simply-connected, open subset of flat R*. We show how all such 
connections lie in the orbit of the flat connection on under the action of non-local symme- 
tries of the self-dual Yang— Mills equations. Such connections fit naturally inside a larger class 
of solutions to the self-dual Yang-Mills equations that are analogous to harmonic maps of finite 
type. 



1. Introduction 

Reducible connections play an important role in Donaldson's study of four-manifold topol- 
ogy [11]. In particular, the singular ends of the moduli space of global solutions of the self-dual 
Yang-Mills equations on a four-manifold are due to the existence of connections on which the 
group of gauge transformations (modulo its centre) do not act freely. In the current paper, we 
study reducible connections from a different point of view, that of integrable systems theory. 

In this paper and its companion [Vi] we investigate the non-local symmetry algebra of the self- 
dual Yang-Mills equations on M"* discussed in [7, (S, 9] and corresponding group actions on spaces of 
solutions of the self-dual Yang-Mills equations on open subsets of R"^. In [13] we studied instanton 
moduH spaces, as explicitly described by the ADHM construction [1, 2], and group actions that 
preserved the nature of the curvature of the connection. In the current work, we investigate 
reducible connections defined on a simply-connected, open subset of M^. Given that reducible 
and irreducible connections play a different role in Donaldson's work, our main motivation was 
to study whether such connections have different properties from an integrable systems point of 
view. This does, indeed, seem to be the case. 

In the case of instanton solutions on M^, it was argued in [13] that the symmetry group that 
acts on the moduli space has orbits of high codimension in the moduli space. (In other words, 
the orbits are quite small.) Our conclusion for reducible connections, however, are quite different. 
After explicitly constructing the most general reducible self-dual connection on a simply-connected, 
open subset of (there are no reducible self-dual connections on with curvature), we deduce 
that all reducible connections lie in the orbit of the flat connection on R'' under the action of the 
non-local symmetry group of the self-dual Yang-Mills equations. Also, the reducible connections 
lie within a larger class of solutions that arise quite naturally from the symmetries of the self-dual 
Yang-Mills equations. Solutions in this larger family are determined by a holomorphic function, 
T, defined on an open subset of CP^ that obeys the condition [T, T*] = 0. Such formulae bear a 
strong resemblance to those arising in the theory of harmonic maps of finite type (see, e.g., [14, 
Chapter 24]). This result is distinct from the instanton case discussed in [13], which bears more 
of a resemblance to the theory of harmonic maps of finite uniton number [25]. 

The organisation of this paper is as follows. In the following Section, we set up notation and 
recall the non-local symmetries of the self-dual Yang-Mills equations on R^ constructed in [7, 8, 9]. 
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We also recall the main results of [Ul] concerning the twistorial interpretation of these symmetries 
in terms of their action on the patching matrix of holomorphic bundles over open subsets of CP^ . 
In Section 3, we determine the most general reducible self-dual connection on a simply-connected, 
open subset of R"'. We show that these may be constructed directly from harmonic functions. 
We then show the patching matrix of such connections may be constructed directly. In Section 4, 
we deduce that all such patching matrices, and therefore all reducible self-dual connections, lie 
in the orbit of the flat connection on M.^. In particular, we see there is a larger class of patching 
matrices that appear quite naturally from the group action of [10] that contains all reducible 
connections. Analogies between this larger class of solutions and harmonic maps of finite type 
are briefly investigated in Section 5. After some final remarks, in an Appendix we study some 
properties of a simplified version of the group action of [10]. 

As in the companion paper [13], we study only the non-local symmetries of the self-dual Yang- 
Mills equations constructed in [7, 8, 9], and not symmetries that require the existence of a non- 
trivial conformal group on our manifold. We also specialise to the case of SU2 structure group, 
although the generalisation to any classical Lie group is straightforward. 

2. Preliminaries 

2.1. The self-dual Yang— Mills equations on W^. Let U he a. connected, simply connected 
open subset of with its flat metric. From the Cartesian coordinates {t, x, y, z) on R"*, we define 
complex coordinates 

u i + zx, V := y — iz 
on R** = C^. In terms of these coordinates, the metric on M** is 

g = i {du (E}(M+du(^du + dv®dv + dviS) dv) . 

and the standard volume form is 

e — dt A dx A dy A dz ~ —du A du A dv A d/v. 

In terms of these coordinates, a local basis for the bundle of anti-self-dual two-forms (with respect 
to the above metric and volume form) on U is given by {du A dv, ^ {du A du + dv A dv) , d/u A dv}. 

Let tt: P ^ U he a principal SU2 bundle over U. Since we are, essentially, working locally, a 
connection on P may be represented by an su2-valued one-form A £ SU2), with curvature 

F G f2^(?7, SU2). In terms of the complex coordinates above, the connection satisfies the self-dual 
Yang-Mills equations on U if and only if 

Fuv = 0, 

Since U is simply-connected, (2.1a) and (2.1c) imply the existence of maps ipo, tpoo ■ U 
with the property that 

Au = - (ckfipo) 'ipo^ , A- ^ - (dvi^o) ipo^ . 
The fields V'OjV'oo are determined by equations (2.2) up to transformations 

ipo{x) ^ i>oix) := il;o{x)R{u,v), ipoo{x) ^ ipoo{x) := tpooix) S{u,v), 
where R, S are arbitrary analytic functions of (u,w), {u,v) respectively. We may use this freedom 
to set, without loss of generality, ipooix) = (7/10(2;)"^)^ ,Va; € C/. The remaining freedom in the 
choice of V'o, "^oo is then of the form 

iiQ{x) ^ ■4)o{x) := il}o{x)R{u,v), -ipoaix) ^ -ipooix) := iioo{x) [R{u,vy^)\ (2.3) 



(2.1a) 
(2.1b) 
(2.1c) 

SL2(C) 

(2.2a) 
(2.2b) 
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In terms of these fields we define the Yang J -function, J : U ^ SL2 (C) , by 

■■= ip^^{x) ■ ipo{x), x&U. 

It follows from the reality properties of "00 5 ^oo that J is Hermitian 

J{x) = J{x)\ xeU, 

and that, under the transformation (2.3), J transforms according to the rule 

J{x) J(x) := R{u, v)U{x)Riu, v). (2.4) 

Substituting into equation (2.1b), we find that the connection, A. satisfies the self-dual Yang- 
Mills equations if and only if J satisfies the two (equivalent) versions of the Yang-Pohlmeyer 
equation 

du {JuJ'^) + {J-J'^) = 0, (2.5a) 
du (J'^Ju) + dy {J-^J„) = 0. (2.5b) 



2.2. Associated linear problem. Let J7 be a non-empty, open subset of CP^ := CU {00}, and 
consider the following overdetermined system of equations for a map ^E*: U x SL2(C) 

{arr + zdu) -^[x, z) = - [A- + zAu) *(.t, z), (2.6a) 

{du - zd,) 'i'ix, z) = - {Au - zA,) ^{x, z), (2.6b) 

d^^{x,z) = 0. (2.6c) 

An important property of the self-dual Yang-Mills equations is that they are the integrability 
condition for this system. In particular, if the connection A satisfies the self-dual Yang-Mills 
equations on [/, then there exists e > and a solution '^'q: U x — > SL2(C) of this system that 
is analytic in z for z e V°, where V," := {z e CP^ | |z| < 1 + e }. 

Notation. We define the involution a : CP^ CP^ by (t{z) = — 1/z. Given a subset V C CP^ 
and a map g: V — > SL2(C), we define a corresponding map g* : cr(V) SL2(C) by 

g*{z) (g(a(z)))^ 

Similarly, given any map f : U x V ^ SL2(C); we define a corresponding map f*:Ux cr(V) 
SL2(C) by 

r{x,z) := {f{x,<j{z)))K 

Given the solution, ^^o, of (2.6), we may now construct another solution 5" 00 : U x Vf° — ^ SL2(C), 
where := jz £ CP^ |z| > j^j, by '^oo{x,z) := *Q(a;,z)"^ The solution "^oo is analytic in 
z for z e V^"". 

Remark 2.1. Note that, for the construction of the connection in equation (2.2), we may take 
ipoix) := ^'o(a;,0) and 'ipoo{x) := ^'oo(a;,0). We will assume, from now on, that ipo and -000 are 
defined in this way. 

Definition 2.2. The patching matrix (or clutching function, in Uhlenbeck's terminology [25]), 
G:UxVe-^ SL2(C) is defined by 

Gix,z) = ^ooix,z)-^ ■^n{x,z), (2.7) 



where V, 



V,"n Vf= = {z e CPi ^<|z|<l + e|. 



Remark 2.3. Viewing [/ x Ve as a subset of tt^^{U) C CP"^, the patching matrix is the transition 
function of the holomorphic vector bundle over CP^ corresponding to our self-dual connection 
A [3, 27]. Since [/ x and U x Vf° are open subsets of C^, any holomorphic bundle over them is 
trivial. As such, the bundle over ^"^{U) is completely determined by the patching matrix G (see, 
e.g., [10]). The fact that the patching matrix splits as in (2.7) implies that the bundle is trivial 
on restriction to a line 7r~^(a;), for each x € U [27]. Since the patching matrix obeys the reality 
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condition G{t,z) ~ G*{t,z), the bundle admits a Hcrmitian structure, and the corresponding 
self-dual connection is an SU2 connection, rather than an SL2(C) connection. 

2.3. Non-local symmetries. In order to study symmetries of the self-dual Yang-Mills equa- 
tions, we let J(-, s): Us ^ SL2(C) be a one-parameter family of solutions of the Yang-Pohlmeyer 
equations (2.5). Here, s G / with / an open interval in M containing the origin, J is assumed to 
depend in a fashion on the parameter s, and Us Q is the open subset of on which the 
solution is well defined (i.e. non-singular)^. Taking the derivative with respect to s of (2.5), we 
find that J(-,s) must satisfy the linearised equation 

du [jckr {j^'j) J^') + dv (Jdv {j^'j) J^') = 0- (2.8) 

where J := dJ/ds. It is known that the only local symmetries of the self-dual Yang-Mills 
equations on flat are gauge transformations and those generated by the action of the conformal 
group (see, e.g., [22]). However, there exists a non-trivial family of non-local symmetries of the 
self-dual Yang-Mills equations [7, 8, 9], defined as follows. We define maps xo : J7 x V° — > SL2(C), 
Xoo-U xV^ ^ SL2(C) by the relations 

Xo{x, z) := M^y^ ■ *o(a;, z), {x, z) e U x V° 

Xoo{x,z) := V'oo(a;)"^ • ^^{x,z), {x,z) eU x Vf. 

Xo is analytic in z for all 2: £ Vb, with x{x, 0) = Id, for all x £ U, and is a solution of the system 

[{dw - JvJ^^) + xq{x, z) = 0, 

[{du - JuJ^^) - zd^] xo(a;, z) 0, 

for all (x, z) ^U X V". Similarly, Xoo is analytic in z for all z G Vg°°, with Xoo(a^, 00) = Id. for all 
X € U. Note that we have 

Xoo(x,A) = (xo(x,fT(A)))-t, foraU (x. A) G f/ x 

Based on the work of [7, 8, 9], we have the following result from [10]: 

Proposition 2.4. Let T: U x Ve — > s[2(C) obey the relations 

(du + Xdu) T{x, X)^{du~ Xdu) T(x, A) = 0, 

and be analytic in \ on a neighbourhood, Ve, of the unit circle <Z C Then 

j{x,s) = Xoo{x, X)T{x, X)xoo{x, ■ J 

+ J ■ xoix, (t(A))T(x, A)txo(x, a(A))-i 

= V'oo(x)-l [5,^(2;, A)T(x,A)«'oo(2:,A)-i 

+^o{x, <j{X))T{x, A)t*o(x, a(A))-i] M^) (2.9) 

is a solution of the linearisation equation (2.8), for all x G U , and all A G V^. 

Remark 2.5. In the case where the function T is independent of {u,v), it defines an element of 
the loop group ASL2(C) with a holomorphic extension to an open neighbourhood of in C*. 
The algebra of symmetries generated by such T is then isomorphic to the Kac-Moody algebra of 
512(C) [7, 8, 9]. 

The natural question is how to exponentiate the above algebra into a group action on the space 
of solutions of the self-dual Yang-Mills equations. A solution to this problem is given by the 
following result 

Theorem 2.6. [10, Chapter IV.C] Let g: X x SL2(C) be a smooth map that admits a 

continuous extension to a holomorphic map g: X xVe C CP^ SL2(C), for some e > 0. Then 
the action of g on the patching matrix, G{x,z), is defined by 

G{x, z)^-^{g- G) [x, z) := g{x, z) ■ G{x, z) ■ g*{x, z). (2.10) 

^We will often notationally suppress the dependence of the domain U on s. 



REDUCIBLE CONNECTIONS AND NON-LOCAL SYMMETRIES 



5 



This equation defines an action of the set of such maps g on the space of self- dual connections on 
X . If g extends holomorphically to z € V^! , then the corresponding transformation is a holomorphic 
change of basis on the bundle over Tr~^{X), which leaves the self-dual connection, A, unchanged. 

Remark 2.7. The above group action on the solution space have been given a cohomological 
description by Park (see [20] and references therein), which has been further investigated by 
Popov and Ivanova (see [17, 18, 22] and references therein). 

Remark 2.8. The group action (2.10) is sUghtly unusual since, in integrable systems theory, it is 
usually adjoint or coadjoint orbits of Lie groups that turn out to be relevant. If we consider the case 
where G and g are constant, and study the action of SL2(C) on itself by (5, G) i-^ g • G := gGg\ 
then the generic orbits of this action are fivc-dimensional. As such, the orbits do not carry the 
invariant symplcctic structures that one would associate with, for example, coadjoint orbits. A 
brief investigation of this orbit structure is given in Appendix A. 

The connection between Theorem 2.6 and the transformation (2.9) is given by the following: 

Theorem 2.9. Given T: t/ x — > 5[2(C) as in Proposition 2. 4, the corresponding flow on the 
space of patching matrices is given by 

G{x, z) ~ — T(.T, z)G{x, z) — G{x, z)T*{x, z) + Poa{x, z)G{x, z) + G{x, z)pq{x, z) (2.11) 

for {x,z) e M-^ X Ve. In this equation, po: R"^ x 512(C) and p.^:R^x Vf° 5(2 (C) are 

analytic functions of z on the respective regions and satisfy 

(ck + zdu) Po{x, z) ^ {du- zdy) po{x, z) = 0, 

{dy + zdu) Poo{.x, z) = {du~ zdy) Poo{x, z) = 0. 

Remark 2.10. It follows from a similar argument to that given in the proof of Proposition 1 
(b) of [10] that the terms po in the above formula may be absorbed into a change of 

holomorphic frame on the sets z G and V^, respectively. 

Remark 2.11. The group action (2.10) was derived in [10], arguing by analogy with the action of 
dressing transformations in harmonic map theory. It has been investigated further in, for example, 
[17, 18, 22]. The first direct derivation of the infinitesimal result (2.11) from the generator (2.9), 
to my knowledge, appears in [13]. 

3. Reducible connections 

Recall [12, Chapter 3] that a connection, D, on an SU2 bundle tt: E U is reducible if the 
group of gauge transformations Q := G°°(t/, SU2) modulo its centre docs not act freely on the 
connection D. We now proceed to derive the most general form of a reducible connection on a 
simply-connected, open subset of M^. In doing so, we make extensive use of the classical Pauli 
matrices, which we define as follows: 

x^(n,r2,r3)=((j 7)'(o -l))- 

Proposition 3.1. Let U be a simply- connected, open subset of M.^ , a G C°°{U,R) a harmonic 
function. We define the connection 

A=^{da-da)T3en^{U,5U2). (3.1) 

Then the connection. A, is reducible and satisfies the self-dual Yang-Mills equations on U . Con- 
versely, up to gauge transformation, all reducible self-dual connections on U arise in this way. 



Proof. A connection is reducible if and only if there exists a parallel section, 77, of the adjoint 
bundle adsu2 [12, Theorem 3.1]. In terms of local coordinates {u,v) G = R"*, and relative to a 
local trivialisation of the bundle E, this condition implies that 
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It follows from equations (2.2) that, for a parallel section rj, the map A: sblC) defined 

by the equation r] = ipo{x)A(u,v)ipo{x)~^ is holomorphic. In a similar fashion, using (2.2) and 
the relationship between tpo and ipoo, one may verify that rj ~ ~ tp co (x) A{u, v)'' i/j oo . These 
relations imply that 

JA{u,v) + A{u,vyj = 0. (3.2) 

Note that this equation and the fact that det J ^ implies that det^(u,w) = det^(u,?;)*. 
Therefore det A{u,v) is real. Since A is holomorphic in u and v, it follows that det^ is a real 
constant. 

Let A= (R + il) • T, with R, I: U ^ M'^. The fact that A depends holomorphically on {u,v) 
implies that 

dtK^d^I, d^R^-dtl, dyK^-d^I, 9,R = 9,I. (3.3) 
Moreover, we find that 

det A = |I|^ - |Rp - 2i(R,I). 

Since det A is real, we deduce that (R, 1} = 0. We now let J = A + A • r, with \: U — > R'^ and 
the condition that det J = 1 implies that we require = 1 + |Ap. Imposing (3.2), we find that 
we require 

AR = AxI. (3.4) 

This equation implies that 

A2|R|2 = |A X I|2 ^ |A|2|I|2 _ (i,A)2. 

Therefore 

det A = |Ip - |Rp = (A2|R|2 + (I, A)2) - |R|2 
> 

For A ^ 0, equality occurs in this inequality if and only if R = and (I, A) = 0. From (3.4), it 
follows that, in this case, R = I = 0, so ^ = 0. Moreover, if A = 0, then (3.2) implies that R = 0, 
so det^ = which is, again, strictly positive unless 1 = and, hence, A = 0. 

To summarise, the fact that det A is real, along with (3.2), implies that det^ is a non-negative 
constant. Moreover, det74 = if and only if A = 0. Since we are assuming A ^ and since any 
constant multiple of a parallel section is also parallel we may, without loss of generality, assume 
that det A = 1. In this case, it follows that the eigenvalues of A are ±i. 

Note that we still have the freedom to rotate the ^'s, as given in (2.3). It follows that A 
transforms under the adjoint action of R^^: 

A{u,v) i-> A{u,v) := R{u,v)~'^A{u,v)R{u,v) = Adji-iA. (3.5) 

We now write A in the form 

A(«,.)=H"'"J ^("'"\') 
\c(u,v) —a[u,vjj 

where a, b, c are holomorphic functions of (u, v). On a neighbourhood of any point {u, v) at which 
a{u, v) ^ —i, the holomorphic change of frame 



R+iu,v) = 




has the property that 

R+{u, v)^^A{u, v)R+(u, v) = iT^. 

Similarly, for a{u, v) ^ +i, 



i?_(it, v) = 
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gives a holomorphic change of frame with the property that 

As such, given any point p ^ X , there exists a neighbourhood of p and a holomorphic frame such 
that A = iT3 in that frame. 

From (3.2), it follows that there exist real functions a, (3 such that J = aid + (3t^. Since 
det J = 1, we have = 1 + /3^. Since J is continuous, a will have constant sign, so we assume 
that a > 0. Therefore, since U is assumed simply-connection, we may consistently define a 
real- valued function a with the property that a = cosh a, (3 = sinha. It then follows that 

J = exp (oTs) . (3.6) 

We therefore have 

J~V„ = a„T3, J~^J.v=ayT3. 
Imposing the Yang-Pohlmeyer equation implies that a is harmonic: 

{dudu + dydy)a = 0. 
From (3.6), we see that, up to a gauge transformation, we may take 



■00 = exp (^-Tsj , V'oo = exp (^--Tg 

The form of the connection given in equation (3.1) then follows from equation (2.2). The parallel 
section, 77, is equal to ir^. □ 

Example 3.2. The case 

J{x)^cxp{{\u\'~\v\')r,} 

corresponds to a = |up — jup and, therefore, defines a reducible connection. In this case, the 
connection is non-singular on M^. However, the curvature is not L^, and therefore the connection 
cannot be extended to 5*^ f2()l. 



In this particular case the connection is algebraically special, in the sense that, in addition to 
satisfying the self-dual Yang-Mills equations (2.1), the curvature satisfies 

uv — ^ vu — ^■ 

It can be shown that all algebraically special connections arise in this way, and are thus reducible. 

Recall [IG] that there is a 1 — 1 correspondence between harmonic functions on [/ C and 
sheaf cohomology classes in H^{U, 0{—2)), where U := Tr~^{U) C CP^. In the present case, such 
a cohomology class may be represented by a holomorphic function^ / : J7 x C* ^ C. In terms 
of homogeneous coordinates on CP^, we have /(Az) = A^^/(z). The corresponding harmonic 
function on [/ C is then given by the contour integral 

a(x) = (p f{u — wv, V + wu, w)dw, (3.7) 

27ri ■ 

where 7 := {if e C C CP^ : \w\ = 1}. 

Proposition 3.3. Given the connection as in Proposition 3.1, the patching matrix for the holo- 
morphic bundle on U may he taken as 

"1 



G'(x, z) = exp 
where 



^{F{x,z)+F*{x,z))t^ 



F{x, z) := - — (B f{u — wv, V -\- wu, w)dw, (3.8) 

zni w — z 

and the holomorphic function f is a representative of the cohomology class in H^{U ,0{—2)) 
corresponding to the harmonic function a. 



By holomorphic, we mean with respect to the complex structure induced on (7 X C* as a subset of CP3. 
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2ni J^w — z 
1 f w + z 



Proof. Wc assume that there exists ^'o(a;,z) of the form cxp (iF(a:;, z)t3) , with F{x,0) — a{x). 
From (2.6) for ^! and the cxphcit form of the comrection, we deduce that F must be analytic in z 
and satisfy the relations 

{d^- zdy) F{x,z) = {dir+ zdy) a{x), {dy + zdu) F{x, z) = {dy - zdy) a{x) . 

From (3.7) we then calculate 

(du + zdy) a(x) = (du + zdy) - — </ f(u — wv, v + wu, w)dw 

= - — (p {w + z) {d2f) {u — wv, V + wu, w)dw 

~^ {w — z) {d2f) (u — wv, V + wu, w)dw 

^ (du — zdy) f{u — wv,v + wu,w)dw 

2m w — z 

= {du — zdy) - — / ^ ^ f{u — wv, V + wu, w)dw. 
2m w ~ z 

Along with a similar calculation for {dy ~ zdu) a{x) , we have the above candidate for F given 
in (3.8). By its definition as a contour integral, it follows that F is analytic in z, for z in the 
interior of 7. Since the function ^^jz^f{u — wv,v + wu,w) is continuous for w G 7, and 7 is 
compact, the Dominated Convergence Theorem implies that \imz-,o F{x, z) — a{x). As such, F 
has all of the required properties. □ 

Remark 3.4. Note that the patching matrix in Proposition 3.3 takes the form G{x, z) = exp {ip{x, z)t^), 
where 93 is a holomorphic function of {u — zv, v + zu, z) that satisfies ^*{x, z) = ip{x, z). 

Example 3.5. In the case of our algebraically special connection, where a = — we 
may take f{x,z) ~ -^{u — zv){v + zu). We then find that F{x,z) = |up — |wp — 2WJ and 
G{x, z) = exp [i {u — zv) {v + zu) T3] . 

4. Orbit of the flat connection 

Let T: [/ X 5*1 be analytic on a neighbourhood of [/ x in U x C* C CP^ , with the property 
that 

[T,T*\=Q. (4.1) 

Given a solution of the self-dual Yang-Mills equations, described by patching matrix G{x, z), we 
may consider the one-parameter family of connections generated by T via the flow (2.11). Since 
the functions pq, poo can be removed by a holomorphic change of basis on the regions [/ x and 
U X we may, without loss of generality, fix the holomorphic bases by setting po = Poo = 0. 
The unique solution of (2.11) with initial conditions G{x, z) is then 

Gt{x, z) = exp {—tT{x, z)) G{x, z) exp {—tT{x, z)*) . 

In general, one would perform a Birkhoff splitting of Gt, which would yield connections At gen- 
erated from the connection. A, corresponding to the patching matrix G. (Generally, there will be 
jumping points at which G does not admit a splitting of the form (2.7), so we will need to shrink 
the set U accordingly. The set of such points will, generically, be of strictly positive codimension 
in U.) 

A case of particular interest to us is when the initial connection is flat, in which case we may 
take G{x, z) = 1. We then have 

Gt{x, z) = exp {-t {T{x, z) + T{x, z)*)) 

as the patching matrix of connections that lie in this orbit of the flat connection. As a special case 
of this construction, letting T = —^(p{x, z)t3 where (p: U x Ve ^ SL2(C) satisfies 

{du - zdy) (f^ {dy + zdu) v? = 
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and is analytic in z Cz for some e > 0. Then, assuming that e is chosen sufficiently small that 
G{x, z) is analytic on U x Ve, we deduce that 

Gt{x, z) = exp {tip{x, z)t3) , {x, z) G U X Ve- 
in light of this construction, and the classification of patching matrices arising from reducible 
connections in the previous section, we deduce: 

Theorem 4.1. Let A be a reducible connection on an open subset U C W^. Then A lies on the 
orbit of the flat connection on U under the action of the non-local symmetry group of the self-dual 
Yang-Mills equations. 

Remark 4.2. As mentioned earlier, the set U on which the self-dual connection is defined will 
generally shrink under the action of the symmetry group. In the case of reducible connections, 
where one may start from the fiat connection on M^, then there do exist reducible connections 
defined on the whole of K^. (Our algebraically special connection is an example of such.) Since 
there are no non-trivial reducible connections on S*^, however, Uhlenbeck's theorem [2()] implies 
that the curvature of such a connection cannot be L^. (This property may also be checked directly 
from the explicit form of the connection.) 

Remark 4.3. Takasaki [24] has argued that, if we drop the reality conditions on self-dual connec- 
tions and consider SL2(C) connections rather than SU2 ones, then the group action generated by 
transformations of the form 

j(x,s) =Xoo(a;,A)T(x,A)xoo(a:,A)-i • J (4.2) 

is transitive on the space of local solutions of the SL2(C) self-dual Yang-Mills equations. In the 
current context, we are explicitly restricting ourselves (via the form of equation (2.9)) to trans- 
formations that preserve the SU2 nature of the connection, in which case there is no reason to 
believe that the group action should be transitive. In an analogous situation in the theory of 
harmonic maps into Lie groups, one can show that transformations analogous to (4.2) map real 
extended harmonic maps to real harmonic maps if and only if the action is trivial [4, Proposi- 
tion 3.4] (i.e. 5 • <f> = $). It is, similarly, expected that transformations of the form (4.2) will map 
SU2 connections to SU2 connections if and only if the connections coincide. 

5. Harmonic maps of finite type 

It is clear from the discussion in the previous section that the reducible connections on a 
simply-connected, open subset J7 C R'* are a special case of a more general type of connection. In 
particular, given a map T: J7 x Ve — > SL2(C) satisfying the commutator condition (4.1), then the 
patching matrix 

G(x,z) = exp(T(x,z) -Hr(a;,z)*) (5.1) 
will generate a solution of the self-dual Yang-Mills equations on a subset of U. 

The forms of condition (4.1) and the patching matrix (5.1) are reminiscent of formulae that 
appear when one considers harmonic maps of finite type into Lie groups (see, e.g., [14, Chapter 24] 
and [5, G] for harmonic maps into /c-symmetric spaces). Recall that, in this context, we consider 
Lie groups Q, Gi, G2 such that G ^ Gi ■ G2 (in the sense that, given g G G, there exist unique 
5i € 5i, (72 G G2 such that g = (7152 )• At the Lie algebra level, we have a direct sum decomposition 
= 01 + 02, and we denote the projections onto the two summands by tti, n2- In the case where 
Adg-^g2 ^ 02; then various Lax fiows on can be solved explicitly. In particular, let Ji, J2 be 
invariant vector fields on 0^ consider the Lax equations 

d,X{s, t) = [A(s, t), (^1 o Ji) (A(s, t))] , (5.2a) 

dtX{s, t) = [X(s, t), (^1 o J2) (A(s, t))] , (5.2b) 
for a map A : i-^- with initial conditions 

A(O,O) = Ve0. 



'i.e. Ji, J2 : g — * satisfy Ji(j4dgv) = yldgJi{v) for all g G CJ and v 6 g and similarly for J2 
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These equations are compatible, and the solution to this problem may be written in the form 

where F : M."^ ^ Qi takes the form 

F(s, t) = exp (s (tti o Ji) (V) + t (tti o J2) (V)) , (s, t)eM.'^. 

The connection with harmonic maps arises if we let G be a compact Lie group and use the standard 
loop-group decompositions (see, e.g., [14, Chapter 12] and [2'.], Chapter 8]) to take G := AG"', 
Qi := no, Q2 := A+G"'. If we now impose that the initial conditions for the Lax equation (5.2) 
corresponds to an element of the loop group of G (rather than G'^) and that its Laurent expansion 
of which lies between degrees — d and d: 



V = 



e AG^ 



A ^ /(A) = a„A" 

71— — d 

then it turns out that the map X also has Laurent expansion which lies between degrees —d and 
d. Moreover, F: ^ Q,G is automatically the extended solution corresponding to a harmonic 
map ip: IS? G. (In particular, ip{s,t) ~ -F(s, OIa=-i-) Such harmonic maps are oi finite type. 

In the context of self-dual Yang-Mills connections, the analogue of harmonic maps of finite type 
for self-dual Yang-Mills fields would appear to be patching matrices of the form 

G[x, z) = exp $(a;, z), 

where $: L/ x Vc ^ SL2(C) satisfies 

1) . {du- zdy)<^{x,z) = (air+za„)$(a-,z) = 0; 

2) . $*(a;,z) = $(a;,z) 

3) . $(x, z) is analytic in z for z £ Ve for some e > 0, and there exists d G Nq such that <f> has 

a finite Laurent expansion of the form 

d 

$(x,z)= ^ a„(x)z", (z, z) e [/ X Vg, 

n— — d 

for some Ui: U g*', i = —d, . . . ,d on this set. 
In particular, fixing a point p G U then the finite Laurent expansion at p is analogous to the initial 
condition V having finite Laurent expansion. Moreover, Condition 1) above is then the analogue 
of the Lax equations (5.2) satisfied by the map X in the harmonic map case. 

Definition 5.1. We will call a solution of the self-dual Yang-Mills equations for which there exists 
a patching matrix that satisfies the above criteria a self-dual connection of finite type'^. 

Remark 5.2. The conditions above imply that the maps Ui satisfy the conditions 

duO-d = dua^d = 0, (5.3a) 

duOn+i = dyOn, c^a„+i = -a„a„, n = -d, . . . , d - 1 (5.3b) 

dyOd = duOd = 0. (5.3c) 

For d = 0, we deduce that G is constant, and therefore the corresponding self-dual connection A 
is fiat. For d > 1, the algebraic condition (4.1) imposes non-trivial restrictions on the coefficients 
Oi. Note that our algebraically special connection is a self-dual connection of type 1. 

Remark 5.3. Let A be a reducible connection defined by a harmonic function a as in (3.1). Letting 
ao{x) := a{x) then A is a self-dual connection of finite type if and only if there exists d > and 
functions fl-d, ■ • ■ , such that equations (5.3) hold. In particular, this condition implies that 



~ 0, for all r, s such that r + s = d. 



■^Or, of tyjie d, when we wish to be more specific 
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Therefore. $ is necessarily a polynomial of degree less than or equal to d in {u,u,v,v). As such, 
the space of self-dual connections of type d is necessarily finite-dimensional. 

Remark 5.4. The most restrictive case is when we impose that G splits in the form (2.7) with 



Such a splitting only occurs if [ai{x), aj{x)] = 0, for all i,j = — d, . . . ,d. Since SL2(C) is of rank 
one, it follows that there exists a constant element a G SL2(C) such that ai{x) = Lpi{x)a, for 
functions ipi: U ^ C A change of basis (rotating so that a ^ T3) implies that such patching 
matrices give rise to reducible connections when ao is real. 

Remark 5.5. One of the main differences between the integrable systems approach to harmonic 
maps and the self-dual Yang-Mills equations is the form of the symmetry group action on the 
solutions. In the case of harmonic map equations from a domain X C to a Lie group G, one 
interprets the harmonic map equations as implying the existence of a holomorphic map E: X ^ 
ilG into the based loop group of G. The "dressing action" on the space of harmonic maps is then 
induced by the action of various groups on the group flG [15, 25]. In particular, the symmetry 
group acts only on the space where the map E takes its values, rather than on the map E itself. 
In the case of the self-dual Yang-Mills equations, the object of study is the patching matrix 
G: U xVi ^ s[2(C), and the group action (2.10) acts non-trivially on the map G. This difference 
is the main issue that makes the case of self-dual Yang-Mills equations more complicated. As 
remarked earlier, the particular form of the group action (2.10) implies that many of the techniques 
used to study orbits in the harmonic map case have no direct analogue in the self-dual Yang-Mills 
case. 



Our main result is that reducible connections that satisfy the self-dual Yang-Mills equations on 
simply-connected, open subsets of lie in the orbit of the flat connection under the action of the 
non-local symmetry group of these equations found in [7, 8, 9]. In particular, such connections lie 
within a larger class of solutions, discussed in Section 4, defined by a holomorphic function T{x, z) 
with the property that [T(a;, 0), T*(x, z)] = 0. This condition defines a class of solutions of the 
self-dual Yang-Mills equations that seem quite natural from the integrable systems point of view, 
and suggests a connection with the theory of harmonic maps of finite type. Whether the analogy 
with such harmonic maps may be extended, and techniques developed in, for example [5, G], may 
be adapted to the study of our class of self-dual connections, is under investigation. 

It is clear that the work here (and in the sister paper [13]) may be extended in several ways. The 
investigation of the symmetry group on the one-instanton moduli space on the four-manifold CP^ 
would be of particular interest, since, in this case, the standard reducible connection is also so we 
have reducible and irreducible connections in the same moduli space. Such an investigation would 
yield further information concerning the different behaviour of reducible connections studied here 
and the instanton connections studied in [j -'i] under the symmetry group. In a different direction, 
given that the reducible connections and the class discussed in Section 4 seem quite a natural family 
of solutions to investigate from the point of view of integrable systems, it would be of interest to 
investigate whether there are similar families of self-dual Ricci-flat four-manifolds (for example, 
those with algebraically special self-dual Weyl tensor) that arise naturally from the symmetries 
of, for example, Plebanski's equations [21]. 

We should also point out that we have exclusively considered the self-dual Yang-Mills equations 
on Riemannian manifolds, due to the original motivation of Donaldson theory. It is more usual 
to investigate the integrable systems aspects of the self-dual Yang-Mills equations equations on 
manifolds of signature ( 1-+) (see, e.g., [19] for an extensive treatment of this topic). It would 
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be of interest to investigate the action of symmetries on, for example, reducible connections in the 
case of signature ( h+). 

Viewed in conjunction with the results of the companion paper [13], where instanton solutions 
of the self-dual Yang-Mills equations were investigated, it appears that the action of the non-local 
symmetry group on the space of solutions of the self-dual Yang-Mills equations is quite different 
in the two cases. In the case of instanton moduli spaces, evidence was found that the orbits of the 
symmetry group that preserve the nature of the curvature of the connection are rather small. 
In the present case, however, all reducible connections are contained in a single orbit. It appears 
that the distinction between instanton connections and reducible connections for the self-dual 
Yang-Mills equations are, in this sense, similar to the distinction between harmonic maps of finite 
uniton number [25] and harmonic maps of finite type. Since the original motivation for the current 
work (and [1 '.'i]) was to investigate connections between integrable systems theory and Donaldson's 
use of the self-dual Yang-Mills equations in connection with four-dimensional topology [11], it is 
rather striking that the behaviour of reducible connections and irreducible connections should be 
so different from the integrable systems point of view. Whether these results point to a deeper 
relationship between integrable systems theory and topological field theory would certainly seem 
worthy of further investigation. 

Appendix A. Constant group agtion 

The group action G{x,z) i-^ h{x, z)G{x, z)h*{x, z) is a little unusual. In order to gain some 
insight into this action, we consider some similar actions on simpler groups, analogous to the case 
where G and h are constant. 

A.l. SL2(M). Consider the action of SL2(M) on itself given by 

SL2(M) X SL2(M) ^ SL2(R); {h, g) ^ h ■ g := hgh\ 

where * denotes transpose. The subgroup PSL2(M) = SO" i acts effectively. We decompose g into 
symmetric and skew-symmetric parts 

g = U + ae, 

where U is symmetric, a G M and ^ ^ (^^^^ 0^ ' then follows that a is invariant under the 

action of h and U transforms according to U ^ h ■ U hUh*. The fact that g lies in SL2(C) 
implies that 

detC/ = 1 - a^. 

Writing 

t + X y 

y t — X J 

then ActU = — ||u||^, where u = {t,x,y) £ R^^^. The orbits of the group action are then 
parametrised by a G R and consist of vectors u G M?'^ with 

\\uf = a--l. 

Since the restriction on u is insensitive to the sign of a, we consider the orbits for a > 0: 



U 







Here there are two orbits consisting of symmetric elements of SL2(M). We have ||u||^ = — 1, 
so u lies on the two-sheeted hyperboloid in M^'^, with each sheet constituting an orbit. In this 
case, giving the orbits the induced hyperbolic metric, the group SL2(M) acts isometrically. 



< a < 1 In this case, there are two orbits i.e. the two components of the hyperboloid ||u||^ = 
— 1 + G (—1, 0) in M?'^ . Again, the group SL2(M) acts isometrically with respect to the induced 
metric on the orbits. 



1 



In this case, ||u||^ 0, so either u = or u is null. In the first case, the group orbit 
consists of the point u = 0. In the latter case, the future and past null-cones of the origin give 
two distinct group orbits. 
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q; > 1 In this case, there is one orbit, consisting of the one-sheeted hyperboloid ||u|p = — l + a^ G 
(IjCX)) in M^'^. In this case, SL2(]R) acts isometrically with respect to the induced (Lorcntzian) 
metric on the orbit. 

A. 2. SL2(C). In particular, we consider the action of SL2(C) on itself given by 

SL2(C) X SL2(C) ^ SL2(C); (h, g) ^ h ■ g -.^ hgh* , (A.l) 

where * denotes complex-conjugate transpose. The subgroup PSL2(C) = SOa^i acts effectively. It 
is straightforward to check that 

I[g] :=itr(g(.g-i)^) 

is invariant under the transformation g h ■ g. It is useful to split g into Hermitian and skew- 
Hermitian parts 

g==U + V where U* ^ U, V* ^ ~V, 

and to note that this decomposition is preserved under (A.l) (i.e. (h-g)jj = h ■ gu, etc.) A 
straightforward calculation implies that 

det J7 = i (/ + 1) . 

In particular, letting U = t + xti + yT2 + zt^ and u := {t, x, y, z) G R'^'^, we deduce that 

l|u|P = -i (/+!). (A.2) 

Similarly, letting V = i {T + Xti + Yt2 + Zt^) and v := (T, X, F, Z) G K^-\ we find that 

detg=-||ul|2-2z(u,v) + ||v||2. 
Since g G SL2(C), we therefore deduce that 

Ilvf = -i(/-l), (A.3) 
(u,v)=0. (A.4) 

If / > 1 then u and v would be non-zero, orthogonal, time-like vectors in R^^^. Since this 
cannot occur, we deduce that / < 1. We investigate the distinct cases separately: 



/ = 1 



In this case, ||u|| = —1 and ||v|| = 0. As such, u lies on the two-sheeted hyperboloid 
in R^'^. The condition that ||v|p = and is orthogonal to the non-zero, time-like vector u then 
implies that v = 0. As such, we have two distinct orbits, corresponding to the two components 
of the two-sheeted hyperboloid. These orbits correspond to the Hermitian elements of SL2(C). 
Giving the orbits the hyperbolic metric induced from R'^'^, the group SL2(C) acts isometrically. 

Note that for / < 1, the vector v is always space-like, and lies on the one-sheeted hyperboloid 
S/ := {w G R^'i : ||w||2 = 1(1 _ /)} in R^'i. 



1< / < 1 



We have ||u|| = — (/ 4- 1)/2 in R^' . Since u is orthogonal to v, we may view u as a 
time-like vector of length {I + l)/2 lying in the two-sheeted hyperboloid in TvS/. As such, we 
have two distinct orbits, consisting of the two components of the two-sheeted hyperboloid bundle 
in rS/. In this case, the group action on the orbit is the action induced by the isometric action 
of SL2(R) on the Lorentzian metric induced on the one-sheeted hyperboloid. 

Alternatively, we may view u as a time-like vector lying on the two-sheeted hyperboloid jjuf = 
— (/ -|- l)/2 in R^'-*^. We then view v as a tangent vector to the hyperboloid of length (1 -|- |J|). 

Therefore the orbits in this case may be identified with the radius (1 + |/|) sphere sub-bundle 
of the tangent bundle of the hyperbolic space of radius (/ -f 1). Again, there are two orbits 
corresponding to the two components of the hyperboloid. In this case, the group action on the orbit 
is the action induced by the isometric action of SL2 (R) on the induced metric on the two-sheeted 
hyperboloid. 
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= —1 In this case, ||u|| = and ||v|| = 1. As such, we may view u as a null vector in TvS~i. 
There are then three distinct orbits. The first consists of u = 0, and is simply the hyperboloid 
E_i. This orbit consists of the skew-Hermitian elements of SL2(C). The other orbits consist of 
the sub-bundle of TI]_i consisting of the past and future null cone of the origin in each tangent 
space. 



/ < — 1 In this case, ||u|p = (|/| + l)/2 > OinM^'-*^. Therefore there is one orbit, consisting of the 
one-sheeted hyperboloid sub-bundle of TSi. The SL2(C) action is that induced by the isometric 
action on the induced Lorcntzian metric on S/. 
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